POLYNOMIAL FILLING FUNCTIONS OF SUBLEVEL SETS
IN CAT(0) CUBE COMPLEXES

JANNIS WEIS

ABSTRACT. We give a criterion ensuring that sufficiently high sublevel sets of
a discrete Morse function on a CAT(0) cube complex have polynomial integral
homological filling functions. As one application, we verify this criterion for
the Stein-Farley complexes of the Higman-Thompson groups Fy,., Ty ,., and
V, . Consequently, these groups have polynomial homological ﬁllihg functions
in every degree k > 2.

1. INTRODUCTION

For a finitely presented group G, the Dehn function §, measures the difficulty
of solving the word problem in G using a brute-force approach. Geometrically, it
records the largest area needed to fill a loop of bounded length in the universal cover
of a finite presentation complex for G. This viewpoint extends naturally to higher
dimensions. Replacing loops by k-dimensional spheres gives the homotopical higher
Dehn function 5’5. In this case, one requires the group to be of type F;, meaning
that it admits a classifying space with finite (k + 1)-skeleton or, equivalently, a
cocompact cellular action on a k-connected CW complex X, and one considers
the corresponding filling problem in X. The asymptotic equivalence class of (5’& is
well-defined and is a quasi-isometry invariant for groups of type F,,; [AWP99].

The k-dimensional homological filling function FV;“( of a (k — 1)-acyclic CW
complex X is obtained by replacing spheres with integral cellular (k — 1)-cycles
and considering fillings by cellular k-chains, where the size of a chain is measured
using the ¢'-norm on the cellular chain complex C,(X). Thus, FV%(n) measures
the largest filling size needed for a cycle of norm at most n. The k-dimensional
homological Dehn function FVQ of a group G can be defined more generally as FV§(
for a (k — 1)-acyclic cocompact G-CW complex X. If G admits such a complex
X, it is said to be of type FH,. In particular, F; implies FH;, so both 5’&’1 and
FVé are defined for groups of type F),. Note that, for historical reasons, there is an
index shift in the notation. These functions are closely related. For k > 4, one has
5’&71 ~ FV@, whereas for k = 3 one only has 6% < FVg, and the latter inequality
can be strict [Youll]. Consequently, bounds for FV@ yield bounds for 65! whenever
k > 3. For k = 2, all known examples satisfy FVé < 6, and this comparison can
be strict (see [ABDY13]).

Given a discrete Morse function A: X — R on a cube complex X and a € R,
the subcomplex X_,, spanned by those vertices v € X with h(v) < a, is called a
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sublevel set of X. A common strategy for establishing finiteness properties for a group
G is to find a suitable discrete Morse function on a contractible complex X such
that G acts properly and cocompactly on each sublevel set and their connectivity
increases with a. In these cases, the Dehn functions of G agree with the filling
functions of sufficiently connected sublevel sets. This makes filling functions of
sublevel sets a natural tool for studying the (higher) Dehn functions of such groups.

To obtain upper bounds on filling functions of sublevel sets, one can first fill a
cycle in the ambient complex and then push the filling into the desired sublevel
set. Under special geometric or algebraic assumptions, pushing constructions have
yielded polynomial bounds in several settings [GS027, ABD*12, BKS21, KLIS25,
CGMM26]. A natural goal is to employ a general procedure that pushes a filling one
level at a time along descending links, as used by Kropholler, Llosa Isenrich, and
Soroko [KLIS25, Section 3.3]. The difficulty is that a fixed multiplicative increase
in norm at each step gives an upper bound that is exponential in the height of
the original filling. In their hyperbolic setting, they overcome this difficulty by
choosing ambient fillings whose height is logarithmic in the boundary length. Only
logarithmically many pushing steps are then required, so the resulting filling bound
is polynomial in the boundary length.

The main purpose of this paper is to provide general conditions under which a
levelwise pushing procedure yields polynomial filling functions without any require-
ments on the height of ambient fillings. We call these conditions strong uniform
density of descending links and the large overlap condition (see Definitions 4.13
and 4.14). Roughly, the first requires descending links at sufficiently large heights
to be uniformly acyclic in each fixed dimension, whereas the second requires, in
an appropriate sense, increasingly large overlap between the descending links of
neighbouring vertices.

Our main geometric result is the following.

Theorem A. Let X be a CAT(0) cube complex equipped with a discrete Morse
function h: X — R, and suppose that X has strong uniform density of descending
links and satisfies the large overlap condition. For every k > 2, there is an integer
ay, such that FV§(<Q is polynomial for every a > a,,.

As a first example, we apply this criterion to the Higman—Thompson groups
Fy,, Ty,, and V, ., where d > 2 and r > 1. Their elements may be described by
equivalence classes of triples [F,, g, F__], where F, and F_ are d-ary forests with r
roots and the same number of leaves, and g is a permutation of the leaves. For F} .,
this permutation is always the identity; for 7}, it is a cyclic permutation; and for
V.-, o restrictions on the permutation are imposed. We refer to [SW23, Section 3.1]
for a precise definition. For (d,r) = (2,1), these are Thompson’s groups F, T, and V.

Brown proved in [Bro87] that the Higman-Thompson groups are of type F__,
meaning that they are of type F, for every k, by studying actions on filtered contract-
ible complexes. Stein later introduced simplified versions of these complexes [Ste92],
and Farley constructed CAT(0) cubical models for them [Far03, Far05]. These
models are now known as Stein—Farley complexes. Crucially for our purposes, these
complexes carry a natural discrete Morse function.

Guba first established polynomial upper bounds for the Dehn functions of the
Thompson groups F, T, and V [Gub98, Gub00]. He later proved that the Dehn
function of F' = F,, is quadratic [Gub05], and Zhang extended this result to
F,, = Fy, for d > 2 [Zhal5]. Migliorini proved that T}, has quadratic Dehn
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function for every d > 2 [Mig25]. The Dehn function of V is also conjectured
to be quadratic, while the best currently known upper bound is a polynomial of
degree six [Lor26]. The higher-dimensional filling functions have remained less well
understood. In particular, Zaremsky asked whether the higher-dimensional Dehn
functions of F', T', and V all behave like those of Euclidean space [Zar26, Problem 2.5].
Although we do not answer Zaremsky’s question in full, we give an affirmative answer
to the slightly weaker question of whether the higher-dimensional Dehn functions
are polynomially bounded. To do so, we show that the Stein—Farley complexes of all
Higman—Thompson groups satisfy the hypotheses of Theorem A and then use the
fact that these groups act cocompactly and with finite stabilizers on the sublevel
sets of their Stein—Farley complexes.

Theorem B. Let d > 2 and r > 1, and let A € {F,T,V}. Then the Stein—Farley
complex XQT has strong uniform density of descending links and satisfies the large
overlap condition.

In particular, FVljd _ is polynomial for every k = 2.

By the comparison between homological and homotopical Dehn functions dis-
cussed above, this also gives polynomial upper bounds for 5’& for every k > 2.

The same method applies to the Stein—Farley complexes of Réver—Nekrashevych
groups. Let T, be the rooted d-ary tree. For each self-similar subgroup G < Aut(7,),
the associated Rover—Nekrashevych group V,(G) generalizes Thompson’s group V.
A subgroup G of Aut(T,) is self-similar if every restriction of an element of G to a
rooted subtree of T, is again an element of G. See [SZ23] for a precise definition of
V,(G). The Stein-Farley complex of V;(G) has strong uniform density of descending
links and satisfies the large overlap condition for every self-similar group G. The
V,;(G)-action on each sublevel set is cocompact and, when G is finite, has finite cell
stabilizers.

Theorem C. Let d > 2 and let G < Aut(T,) be self-similar. The Stein—Farley
complex X ;(G) has strong uniform density of descending links and satisfies the large
overlap condition.

In particular, if G is finite, FV‘Z(G) is polynomial for every k > 2.

Strategy of proof. The proof of Theorem A uses a probabilistic version of Morse
pushing on the cellular chain complex. A push operator at height m is determined by
a choice of contractions for the descending links at vertices of height m. Under the
assumptions of Theorem A, these can be constructed from a choice of a descending
edge e, at each vertex v. One observes that the resulting terms after pushing cancel
whenever the choices e, and e, for adjacent vertices v and w determine the same
hyperplane. The large overlap between neighbouring descending links guarantees
that such cancellations occur with high probability for a suitable random choice.
Estimating the expected cost then gives a choice for which the iterated pushing cost
is polynomial.

The central idea of this probabilistic approach is to equip a suitable non-empty
family of fillings with a probability distribution for which the expected volume is
polynomially bounded. It follows that some (non-explicit) filling in the family has
polynomially bounded volume.

Probabilistic arguments based on the expected volume of random chains have pre-
viously proved useful in filling problems. Examples include the averaging argument
in the Federer-Fleming deformation theorem [FF60], on which Dotterrer builds in
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his work on fillings in the cube [Dot15], as well as the work of Leuzinger—Young on
filling functions of arithmetic groups [LY21].

Structure. In Section 2, we recall definitions of filling functions and basic notions
in simplicial complexes. Section 3 constructs uniformly bounded partial chain
contractions of flag complexes. In Section 4, we develop the chain-level pushing
procedure and prove Theorem A. Finally, in Sections 5 and 6, we verify strong
uniform density and the large overlap condition and deduce the polynomial bounds
for Higman—Thompson and certain Réver—Nekrashevych groups.

Disclosure of AT usage. Large language model (LLM) tools, specifically GPT 5.6,
were used to produce the combinatorial arguments in Sections 5 and 6. To obtain
these results, the LLM was given the conditions in Definitions 4.13 and 4.14, which
must be verified to apply Theorem A, and was tasked with checking them for the
Stein—Farley complexes of Higman—Thompson groups and Rover—Nekrashevych
groups. For this purpose, the LLM also formulated and proved Proposition 4.16
as a sufficient criterion for the conditions of Theorem A. For readability, we place
it in Section 4 rather than Section 5. The tools were also used for editorial checks
and proofreading. All the text in this article was written by me, and I take full
responsibility for its content.

Acknowledgements. I would like to thank Claudio Llosa Isenrich, Matteo Migli-
orini, Roman Sauer, and Eduard Schesler for many helpful discussions and comments
during the preparation of this work. This research was supported by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) through Research
Training Group 2229, project number 281869850.

2. PRELIMINARIES

All chain complexes are taken with integer coefficients. Differentials of chain
complexes are sometimes generically written as 9. If C' is a based free Z-module

and ¢ =3} c,0, its ¢l-norm is given by |c| = >, les|. For a chain complex C., its

suspension LC, is the chain complex defined by (2C,); = C,_; and 8,? @ = -0< .

2.1. Homological filling functions.

Definition 2.1. Let & > 2 and let X be a (k — 1)-acyclic CW complex. The filling
norm of a cellular (k — 1)-cycle z is
FVy(2) :=inf{|b] | b € C,(X), 0b = z}.
The k-dimensional homological filling function of X is
FVE(n) == sup{FVy () | 2 € Gy, (X), 92 =0, 2] <n).

Given functions f,g: R,y — R.g, we write f < g if there are constants C, D > 0
such that f(v) < Cg(Cv+ D)+ Cv + D for every v > 0. We write f = g if both
f=<gand g<= f hold.

Definition 2.2. A function f: R,y — R is called polynomial if there are constants
A > 0andd > 0such that f(v) < A(1+v)? for every v > 0. It is called superadditive
if, for every partition n = n; +---+n; of n € N, into non-negative integers, we have

f(n) = f(ny) + -+ fny).



POLYNOMIAL FILLINGS OF SUBLEVEL SETS 5

Definition 2.3. Let G be a group of type FH,, and let X be an (n—1)-acyclic G-CW
complex on which G acts freely, properly, and cocompactly. The nth homological
Dehn function of G is the function FV§ := FVy. This function is well-defined up to
~-equivalence [Alo94].

2.2. Simplicial chains and flag complexes. We regard a simplex both as a finite
set of vertices and as a cell. An ordering [vy, ... ,vj} of its vertices determines an
orientation. Two orderings determine the same orientation precisely when they
differ by an even permutation. If a vertex occurs twice, the resulting element of the
simplicial chain module is zero.

Definition 2.4. Let o be a simplex of a simplicial complex L.

(1) The star Sty (o) consists of the simplices contained in some simplex of the
form o U T.

(2) The link Lk, (o) consists of the simplices 7 which are disjoint from ¢ and
for which o U 7 is a simplex of L.

(3) The complex L is flag if every finite set of pairwise adjacent vertices is the
vertex set of a simplex.

Let L be a simplicial complex. We write a(L) for the augmented simplicial
chain complex with al = 7. Suppose that a map f: L© — K© takes the
vertex set oi every siIAI}plex of L to the vertex set of a simplex of K. It induces
amap f,: C,(L) = C,(K) given by f;([vg,...,v;]) = [f(vg), ..., f(v;)]. If a tuple
o = [vg, ..., ;] contains a repeated vertex, then we consider o = 0 as an element of
C,(L). Let z € L. For every o = [v, ..., v;] such that {z,vy,...,v;} is a simplex
of L, we define the cone x * o := [x,vy,...,v;]. This cone construction induces
homomorphisms cone,, ;: @(StL(x)) — é\l’jH(L)7 where cone, (1) = [z]. They
satisfy Ocone, ; + cone, ; 10 = id on @(StL(x)). Moreover, they do not increase
the ¢!-norm.

Definition 2.5. Let L be a simplicial complex. For ¢ =}’ c,0 € C)(L), its
support is defined as supp(c) := {o | ¢, # 0}. Its vertex support V(c) is the union of
the vertex sets of the simplices in supp(c).

These sets satisfy [supp(c)| < |lc| and [V(e)] < (j + 1) |supp(c)| < (7 + D¢]
for every integral j-chain c¢. The same sets are defined analogously for cubical
complexes.

Definition 2.6. Let L be a simplicial complex and let o be a simplex of L.
Two vertices are compatible in L if they are equal or span an edge, and they are
incompatible otherwise. A vertex is compatible with o if it is compatible with every
vertex of o.

If L is flag, a vertex = is compatible with a simplex ¢ precisely when o belongs
to St (z).

Definition 2.7. Let L be a flag complex and let e € L(?). Define a map on the
vertices of L by

v, if v is compatible with e,
re(v) =

e, if v is incompatible with e.
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Lemma 2.8. The map in Definition 2.7 extends to a well-defined simplicial map
r.: L — Sty (e), which restricts to the identity on Sty (e). It is therefore a simplicial
retraction.

Proof. Let o be a simplex. The distinct vertices of r, (o) are e together with vertices
of o which are adjacent to e, and hence the images of the vertices of o are pairwise
adjacent. Because L is flag, they span a simplex in St (e). Note that every vertex of
Sty (e) is compatible with e and is therefore fixed by r,. Hence, r, is a retraction. [

We also denote the induced map on chain complexes by r,. Because it is a
retraction, it satisfies |r.(c)| < |c|-

3. UNIFORM CONTRACTIONS OF DENSE FLAG COMPLEXES

The following notion is a variation of the uniform density condition due to Belk—
Forrest [BF19]. It gives a combinatorial criterion for the cellular chain complex of a
simplicial complex to admit a bounded chain contraction.

Definition 3.1. Let b € Ny and let L be a flag complex. A subset E C LO g
called b-dense in L if every vertex of L is incompatible with at most b vertices of E.
We say that L is uniformly b-dense if L) is b-dense in L.

If the vertex set V(o) of a simplex in L is b-dense, it is also referred to as a
ground [BF19, Definition 4.8]. However, we do not make use of this notion.

Definition 3.2. Let R > 0 and b € Ny. Let L be a flag complex and let £ C L©
be b-dense in L. We say that E is (R,b)-good if |E| > Rb.

Theorem 3.3 ([BF19, Theorem 4.11]). Let k >0 and b > 1. Let L be a uniformly
b-dense flag complex. If L is ((b+1)(k+ 1),b)-good, then L is k-connected.

The following lemma can be considered a quantitative homological analogue of
Belk and Forrest’s Theorem 3.3.

Lemma 3.4. Fiz p > 0. There exist non-negative constants K_,, Ky, ..., K, and a
constant R, > 0 with the following property. Let L be a flag complex with a subset

E C L9 which is b-dense and (R,,b)-good for some b € Ny. For every e € E, there
are homomorphisms H, ;: @(L) — @H(L) for —1 < j < p such that

(1) 0H, ;+ H, ; 10 =id—r, ; for 0 < j <p.

(2) HHe’j(O')H < K for every j-simplez o.

(3) H, (o) =0 if o belongs to Sty (e).
Proof. Set K_; =0 and K; =2+ (j+ 1)K, ; for 0 < j < p. We shall prove the
result with R, = max,_;.,(j + 1) K.

Fix e € F and set H, _; = 0. For the inductive step, let 0 < j < p. Suppose

that H, ; has been constructed up to degree j — 1. Let o be a j-simplex and put
B, =0—r.(0) = H, ; 1(90). Then

B, = (id _Te,jfl)(ao-) - 6He,j71<80-)
=(0H,; 1+ H,; ,0)(00)—0H, ; 1(00) =0.
Hence, 3, is a cycle. Furthermore, |3, <2+ (j +1)K;_; = K},

(3.1) V(B,)l < G+1E; < R,

SO
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Each vertex in V/(f3,) is incompatible with at most b vertices of F, so at most R,b
vertices of E are incompatible with some vertex of V(3,). Since E is (R, b)-good,
there is a vertex x, € E compatible with all of V(5,). Because L is flag, this implies
that 3, is supported in Sty (z,).

Define H, ;(0) = x, * B, and extend linearly. Then 9H, ;(c) = f3,, so (1) holds
in degree j. Also, (2) follows immediately, because |z, * 3,[ < |5,] < K.

If o belongs to Sty (e), then r (o) = ¢ and every cell in do is also contained in
Sty (e). Hence, induction on the dimension of o gives H, ; ,(do) =0, so 5, =0

and H, ;(o) = 0, proving (3). O

The homotopy H, measures the difference between the identity and the retraction
r,. Composing the retraction with the cone operator on its image turns this into a
contraction of the augmented chain complex through degree p.

Definition 3.5. Let p > 0 and let L be a flag complex with a subset E C L)
which is b-dense and (R, b)-good for some b € N,. Let H, be the maps obtained
from Lemma 3.4. For e € E, define

F,;=H, ;+cone, jor, ;: C;(L) — C; (L),

for =1 < j<p.

Corollary 3.6. Let p > 0 and b € Ny, and let L be a flag complex with a b-dense,
(R,,b)-good subset £ C L9 Then for every e € E, one has

(1) aFe’j + Fe’j,1(9 = ld fO'I" —1 S J S p;

(2) |[F.;(0)| < K;+1 for every j-simplex o;

(3) F, (o) =exa if eis compatible with o.

Proof. Ad (1). This follows immediately from Lemma 3.4 (1) and the identity
Jcone, ; + cone, ; 10 = id.

Ad (2). Use Lemma 3.4(2) and the fact that r, ;
increasing.

Ad (3). Compatibility implies that o belongs to Sty (e) and that r, ;(0) = 0.
Consequently, Lemma 3.4 (3) gives H, ;(0) = 0, while the construction of cone,
gives cone, ;or, ;(0) =ex* 0. O

and cone, ; are norm non-

4. CUBICAL MORSE PUSHING

The goal of this section is to prove Theorem A. We start by recalling some basic
notions of discrete Morse theory due to Bestvina and Brady [BB97] in the context
of cube complexes.

Definition 4.1. Let X be a cube complex. A discrete Morse function on X is a
continuous function h: X — R that is affine on every cube, takes integer values on
vertices, and changes by one along every edge.

The last condition is usually not part of the definition. However, one can usually
arrange a Morse function to satisfy it, so it is no real restriction. Given a Morse
function on X, every cube has a unique vertex of maximal height and a unique
vertex of minimal height.

Definition 4.2. For a € Z, the sublevel complex X, is the cubical subcomplex
consisting of the cubes whose maximal vertex has height at most a. The superievel
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complex X, is the cubical subcomplex consisting of the cubes whose minimal vertex
has height at least a.

Throughout this section, let X be a CAT(0) cube complex equipped with a
discrete Morse function h. An edge a adjacent to a vertex v is called descending at
v if v maximizes the value of h on a.

Definition 4.3. Let v be a vertex of X. The descending link Lk*(v) is the simplicial
complex whose vertices are the descending edges adjacent to v. A finite collection
of these vertices is a simplex if the corresponding edges belong to a common cube
of X.

For ease of notation, we identify each vertex a € Lki(v)(0> with the corresponding
descending edge at v.

By Gromov’s link condition, the link of every vertex of a CAT(0) cube complex
is flag (see [NR98, Section 2]). The descending link is the full subcomplex of the
vertex link spanned by the descending edges and is therefore flag as well.

4.1. Link transport and the height grading.

Definition 4.4. Let v be a vertex of X. For a descending edge a € Lk*(v)©, we
denote the other endpoint of a by v/a.

Let o be a simplex of Lk*(v) and let a € Lk*(v)© be compatible with o, that
is, V(o) U{a} spans a simplex of Lk*(v). For b € V(o) \ {a}, the edges a and b lie
in a square. The edge in this square which is opposite to b and incident to v/a is
denoted by b/a. The other endpoint of b/a opposite to v/a has height h(v) — 2, so
b/a is descending at v/a. Consequently,

o/a:={b/a|beV(c)\{a}}

is a simplex of Lk*(v/a). If 0 = [a,, ..., a] is ordered, then [a, /a, ..., a;/a] defines
an order on o /a, where we omit a/a if it occurs. Write o \ a; for the ordered simplex
obtained by omitting a,. Then

(oNa;)/a; = [ay/a;, ... a;_1/a;,a;1/a;, ..., a/a,].

Definition 4.5. Let o = [aq, ..., a;] be an ordering of the vertices of a simplex of
Lk'(v). The corresponding cube has a parametrization by [0,1]* in which (1,...,1)
represents v and the path obtained by decreasing the ith coordinate parametrizes
the edge a;. We give the cube the orientation induced by the standard orientation of
[0,1]* and denote the resulting basis element of Cy(X) by Q(v; o) = Q(v;ay, ..., a;).
Reordering o by an odd permutation changes the sign of this basis element. For
k =0, we put Q(v; @) = v. We extend this notation to tuples of pairwise compatible

descending edges by setting Q(v;aq, ..., a;) = 0 whenever an edge occurs more than
once.
Remark 4.6. Let o = [aq, ..., a;] be an ordering of the vertices of a simplex of

Lkl(v). For every 1 < i < k, the vertex a; is compatible with every vertex of
o \ a; and does not itself belong to this simplex, and V(o \ a;) U {a;} = V(o).
Consequently, (o \ a;)/a; is a well-defined ordered simplex of Lk*(v/a;), possibly
the empty simplex, and Q(v/a;; (o \ a;)/a;) is a well-defined basis cube of C}_;(X).
See Figure 1 for an example.
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v/b
a/b

Qv/a;b/a,c/a)

FIGURE 1. A cube Q = Q(v;a,b,c). Arrows on edges indicate
descending directions. The frontmost face is the one opposite
Q(v;b,c). One can think of this face as the result of moving the
face Q(v; b, c) along the edge a. The shaded area is 0~@Q, and the
remaining faces are 07 Q.

Definition 4.7. For m € Z and k > 0, let D,, ;, be the free submodule of Ck( )
generated by the cubes whose maximal vertex has height equal to m. Set D,, ; =
Let D, ; be the free submodule generated by the cubes whose maximal vertex is v.

Then
= @ D?n,kﬂ Dm,k = @ Dv,k
h(v)=m

meZ
This makes C,(X) a bigraded module D, ,.
Define homomorphisms on the basis specified in Definition 4.5 by
k

0" Qv;0) =Y (=1)"'Q(v;o \ ),

<
Il
-

7 Qv;0) =Y (=1)'Q(v/a;; (o \ a;)/a;).

o

Il
-

7

Remark 4.8. The two summands in Definition 4.7 collect the faces of Q(v;0)
containing the maximal vertex and the faces opposite to it, respectively. Their
bidegrees are 0" : D, — D,y and 0" D, — D, 44 4.

Lemma 4.9. The maps 0" and &~ have the following properties.
(1) 0=0"+0".
(2) 07 =(0")*=0.
(3) 0t~ +0- 9 =0.
(4) |0Tz| < k|z| and |0~ z| < k|| for every x € D,,

Proof. It is clear from the definition of 9 and 9~ that (1) and (4) hold. The terms
of 92 = (0% + 07)? which preserve the height of the maximal vertex give (97)% = 0,
while those which lower it by two give (97)? = 0, so (2) holds. The remaining terms
lower the height by one and give (3). O
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Lemma 4.10. The maps ©, ;: C, Lk (v)) — D, sending a simplex o to
Q(v; o) are isometric isomorphisms with respect to the £*-norm and satisfy Oy 10=
070, for k> 1.

Proof. The basis correspondence follows from Definitions 4.3 and 4.5. The boundary
identity is the formula defining 0. ]

Corollary 4.11. The homomorphisms (fl)k(%v,k define an isometric isomorphism
of chain complexes E@(Lkl(v)) — (D,..,07).

v, %)

4.2. Strong uniform density and large overlap. Every edge e in a CAT(0)
cube complex defines a hyperplane in X. The defining equivalence relation on edges
is generated by declaring that e ~ ¢’ whenever e and ¢’ are opposite edges of a
square in X. The hyperplane Hyp(e) dual to e is spanned by the midcubes whose
corresponding edges in X are equivalent to e. The subcomplex spanned by the cubes
in X that contain a midcube belonging to Hyp(e) is called the carrier of Hyp(e).
For further information on hyperplanes in CAT(0) cube complexes, see [NRIS|
and [Sag95].

Lemma 4.12. The following statements hold.

(1) Distinct edges incident to the same vertex have distinct dual hyperplanes.

(2) Let a be a descending edge at v and put w = v/a. If e, and e, are
descending edges at v and w, respectively, then Hyp(e,) = Hyp(e,,) if and
only if e, is distinct from and compatible with a, and e,, =e,/a.

Proof. Ad (1). The carrier of a hyperplane is a convex product subcomplex and
contains a unique edge dual to that hyperplane at each of its vertices (see [Sag95,
Theorems 4.10 and 4.13)).

Ad (2). For the reverse implication, the edges e, and e, /a are opposite edges of
a square and are therefore dual to the same hyperplane. Conversely, suppose that
Hyp(e,) = Hyp(e,,). The edge a is not descending at w, whereas e, is descending
there, so a # e,,. By (1), their dual hyperplanes are distinct. Both endpoints of
a lie in the carrier of Hyp(e,). Convexity and the product structure of the carrier
supply a square in which e, and e, are opposite edges. Hence, e, is distinct from
and compatible with a, and e,, = ¢, /a. (]

Definition 4.13 (Strong uniform density of descending links). Let a, be an integer.
The descending links of X satisfy strong uniform density (above height a) if there
exist positive integers IV, b, for m > a, with

and for every vertex v € X9 there is a finite set E(v) C Lkl(v)(o) satisfying the

>ag?

following property.
(ii) If h(v) = m, then |E(v)| > N, and E(v) is b,,-dense in Lk*(v).

Whenever the descending links satisfy strong uniform density, we fix sequences
(N,,) and (b,,) and one family (F(v))

m2ag m=ag? UEX;();O '
Definition 4.14 (Large overlap condition). Suppose that the descending links of X

satisfy strong uniform density above height a,. Let # (v) := {Hyp(e) | e € E(v)}.
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The descending links of X satisfy the large overlap condition if there exists a
constant 0 > 0 such that, whenever v,w € X ;Oa)g are the endpoints of an edge of X
and m = max{h(v), h(w)}, one has

[ F(v) A H(w)]
| H (v) U FH (w)]

where A denotes the symmetric difference of sets.

1)
Sia
m

Whenever the large overlap condition holds, we fix a corresponding constant ¢.
If the choice of Morse function is clear from context, we also say that X satisfies
the large overlap condition.

Remark 4.15. Strong uniform density together with Corollary 3.6 implies that for
every p, there exists some m,, such that all descending links Lk*(v) with h(v) > m
are uniformly p-acyclic.

The inequality in the large overlap condition can be reformulated as

@) nIw)] 8
| H (@) UH (w)| — m’

which is where the name comes from. We choose the alternative formulation

in Definition 4.14, since this is how it is used in the proof of Theorem A.

p

The following criterion is often convenient for verifying strong uniform density
and the large overlap condition.

Proposition 4.16. Let a, be an integer. Suppose that, for every m > ay, the
descending links at vertices of height m all have the same finite number of vertices
N,, > 0. Assume that there exist a constant 6" > 0 and positive integers b,, for
m > aq such that

bm + |Nm — Nmfl
() Lt

m
(ii) Lk*(v) is uniformly b,,-dense if h(v) =m > aj.

Then the descending links of X satisfy strong uniform density and the large overlap
condition above height a, with E(v) := Lk*(v)(©),
Proof. Condition (ii) is Definition 4.13 (i) for E(v) := Lk*(v)(?). Moreover, (i) gives
b,,/N,, <& /m, and hence lim,, , b,,/N,, <lim,, % = 0, so Definition 4.13 (i)
holds. It remains to verify the large overlap condition.

Let v,w € X(Zo(z
a € Lk'(v)©. By (ii), all but at most b,, + 1 descending edges at v are distinct

from and compatible with a. For every such edge e, one has e/a € Lk (w)!® and
Hyp(e) = Hyp(e/a) by Definition 4.4 and Lemma 4.12 (2). By Lemma 4.12 (1),
these hyperplanes are pairwise distinct. Hence,

|H (v) N H (w)] > N,, —b,, — 1.
Since Lemma 4.12 (1) also gives |# (v)| = N,,, and | (w)| = N,,,_;, we obtain
|FH (v) AN FH(w)]=N,, +N,,_ 1 —2|H(v) N H (w)]
<N,,_1—N,, +2b, +2
<I|N,, = N,,_1| +2b,, +2
<4(b,, +|N,, — N,,_1])-

| ’

< — if m>ay;
m

, satisfy h(v) = m > ay, and assume that w = v/a for some
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Here the last inequality uses b,, > 1. Moreover, |H (v) U JH (w)| > N,,, so

19(0) & H(W)] _ Ay + Ny = Ny 1) _ 48
|FH (v) UK (w)] — N, ~m’

m

This proves the large overlap condition with § = 4¢’. O

Definition 4.17. Let p > 0, let v € X© let b € Ny, and let E C Lk*(v)© be
b-dense in Lk*(v) and (R,,b)-good. For e € E, let F, , be the contraction of Lk*(v)
from Definition 3.5. We define

Kv,e,k = @v,k+1 ° Fe,kfl ° e;}c: Dv,k — Du,k+1
for 0<k<p+1 Wealsoset K, ;=0.

Lemma 4.18. Fiz p > 0 and suppose that the descending links satisfy strong
uniform density above height ay. There exist an integer a, > ay and a constant
M, > 1 with the following property. For every vertex v of height m > a, and every
e € E(v), we have

(
(1) ( ) is b, -dense in Lk*(v) and (R,,b,,)-good;

(2) 0 vek—i—Kvek 107 =id on D, for every 0 <k <p+1;

(3) HKUe L(Q)|| < M, for every 0 < k < p+1 and every basis cube Q € D, ;
(4) K, . x(Qv;0)) = Q(v;e,0) for every 0 < k < p+1 and every (k—1)- szmpleqz

o which is compatible with e.

Proof. By Definition 4.13 (i), lim,,, ,, b,,,/N,, = 0, so we can find an integer a,, > a,
such that R,b,, < N,, whenever m > a,. Let v have height m > a,. By Defini-
tion 4.13 (ii), the set E(v) is b,,-dense in Lk*(v) and |E(v)| > N,, > R,b,,. Thus,
E(v) is (R, b,,)-good.

Under the maps ©,, , (2) follows from Corollary 3.6 (1). Statements (3) and (4) fol-
low from Corollaries 3.6 (2) and 3.6 (3). The constants K_, ..., K, from Lemma 3.4

are independent of v and e, so M, := max; K; + 1 gives a suitable value of M,. [

Definition 4.19 (Descending choices and levelwise contractions). Suppose that
the descending links satisfy strong uniform density above height ay. Let W C X <20a>0'
A descending choice on W is a family € = (¢(v)), ey With e(v) € E(v) for every
v € W. Its associated hyperplane at v is H_(v) := Hyp(e(v)).

Let p > 0, and let a, > ay be a height threshold supplied by Lemma 4.18.
Suppose that 7 > a,,. For every v € W of height r, form the contractions K, () x

using E(v). The levelwise contraction at height r associated with ¢ is

K p= D Kocww: D Dok — Dyppars
veW veW
h(v)=r h(v)=r

for0<k<p+1.

Remark 4.20. For every descending choice ¢, Lemma 4.18 (2) gives 0" K kT
K:, 10" =idon Dcw . niwyr Do for 0 <k <p+1.

Definition 4.21. In the setting of Definition 4.19, the one-level pushing operator
associated to € at height r is the collection of maps

Pryi=—0 K7+ @ D, — D, 4,

veW
h(v)=r



POLYNOMIAL FILLINGS OF SUBLEVEL SETS 13

for0<k<p+1.

Remark 4.22. Fix k > 1, take p = k—1 in the preceding construction, and suppose
that 7 > a;_;. The pushing operator P, is a chain-level realization of pushing along
the cones over descending links in cubical Morse theory (compare [BB97, Lemma 2.5;
Bes08, Proposition 2.7; Gen23, Section 4.3]). Let b € Cj(X_,) and decompose b
as b=,y +w, withv., , € Cp (X, ;) and x,. € D, ;. Suppose further that
ob € C,_ (X, 1). Then 0%z, =0, so 0" K: ,x, = z, by Remark 4.20. Hence,
using & = 0" + 9, we get
(41)  b—0K;x,=(b—w,) -0 Kz, = (b—w,)+ Pz, € Cr(Xy).
Thus, subtracting the boundary of K7z, removes the component z, at height r
and replaces it by ¢,_; := P, z, at height 7 — 1. Denote the resulting chain by b
It satisfies

ob' = 09(b— 0K x,) = 0b.

By Lemmas 4.9 (4) and 4.18 (3), we obtain HPﬁer

tion (4.1) yields
1071 < loll + (k + DMy |, | < ((k+ 1My +1)] 0]

Let x,_; be the component of b at height » — 1, that is, v, = v, + 2,_;
with z_,_, € C\(X_,_,) and z,_; € D,_; ;. If, in addition to 9b € Cj_(X.,_4),
we know that 9b = 9b’ € C)_,(X_, ), we can repeat the above height reduction
with b’. This time, 2, ; +t,_, is replaced by ¢, , = P (@, 4+, ) to obtain
a chain b” of maximal height r — 2. Let E}, := (k+ 1)M,_; + 1. Then

167 < B < ERJb].

< (k+ DMy, so Equa-

One sees that repeated pushing will, in general, cause the norm to grow exponentially
with the height of the chain.

4.3. Probabilistic pushing. For the remainder of this subsection, suppose that
the descending links satisfy strong uniform density above height a,.

Let ¢ € C_1(X.,) be a cycle and b € Cp(X) a filling of c. As explained
in Remark 4.22, naive reduction of the height of b by one might increase the norm
by a constant multiplicative factor E, > 0. Performing this iteratively to push the
filling into X, would therefore only produce a filling with norm at most exponential
in the height of b, that is, if H > a and b € C}(X_y), then the norm of the
pushed-down filling is bounded by EF~%|b].

The goal of this subsection is to obtain an improved bound for reducing the height
of a filling by one. Write b)) :=b=a_, + ZZWH x,,, where z_, € C}.(X.,) and
z,, € D,, . Each height reduction step applies the pushing map from Remark 4.22
to obtain a new chain with height decreased by one. After r reduction steps, the
filling will be of the form

b(Hir) =T, + -+ Ty r1 + Ty _p + tHfr’
where ty_,. is the image of x5_, | +ty_,; under Py i1k = —8_K§{7T+1’k. In
particular, the pushing map that replaces b7 by b(H="=1) modifies only the cells
of maximal height, that is, the term yy_, = xg_, + t5_,. Note that ¢_,. lies in
the image of 0~ and hence is a 9 -cycle. In order to obtain polynomial bounds
for the norm of a filling which has been pushed into X_,, we show that ¢ can be
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FIGURE 2. Pushing two adjacent faces in the lower boundary of a
cube. The pushing behaves ‘nicely’ if the faces A, and B, coincide.

chosen such that the increase in norm when pushing the ¢;_,-components is much
smaller than that for the x;_,-components. More precisely, we prove that for each
fixed degree k there are A, > 0 and a; € N such that for each m > a;, and every
0 -cycle t € D,, . there exists a descending choice ¢ satisfying

(4.2) P2t < (1 + %) m

Because each z,, is only pushed once, the general multiplicative cost for reducing
height by one only contributes E, |b]| to the norm of the pushed-down filling.

We first describe which phenomena can occur when pushing a 9 -cycle. To
illustrate this, consider a 3-dimensional cube Q = Q(v;a,b,¢) with h(v) = m + 1,
and put t = 0-Q € D,, 5, that is, t = —A+ B — C, where A = Q(v/a;b/a,c/a),
B = Q(v/b;a/b,c/b), and C = Q(v/c;a/e,b/c). Thus, -t = 0, and we need to
estimate the norm of

Py ot = =07 K, ot

The situation is depicted in Figure 2.

Put z = b/a, y = c¢/a, and e = e(v/a). We distinguish the cases when e is
incompatible with = or y and when e is compatible with both x and y.

If e is incompatible with @ or y, the norm of Py, ,¢ generally only satisfies the
bound given by Lemma 4.18. The following remark illustrates an explicit filling of
this kind.

Remark 4.23. In Lk'(v/a), the chains F, o[r] and F, [y] join e to the two endpoints
of [z, y], since OF, o[r] = [z] — [e] and OF, o[y] = [y] — [e]. Together with [z,y], they
form the cycle

[.CL’, y] - Fe,O[y] + Fe,O[x] = aFe,l[xa y]
This cycle is first filled in the descending link, then lifted to X using ©,, 3, and
finally pushed down using 0.
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If e is compatible with [z, y] and equals = or y, the pushing operation is degenerate,
and one gets P7, ;A= 0.

Finally, assume e is compatible with [z, 3] and is not equal to either x or y. Then
[e,z,y] is a 2-simplex in Lk*(v/a), and one obtains

Pr A=A — Ay + As,

where A, Ay, and A, are the bottom faces of the cube Q(v/a;e,b/a,c/a). We now
also assume that the choices £(v/b) and e(v/c) satisfy the respective compatibility
conditions, so that
Pr, oB =B, — By + Bj,
Pr,C =0 —Cy+Cj.
In total, we obtain
Prat =Ppo(-A+B—-C)
=—(A; — Ay + Ag) + (B, — By + B3) — (C; = Cy + C3)
=(ZA + B, —C)+ (A — By) + (B —C3) + (Cy — 4y).

=p_(t) =7, (t)

While this can a priori increase the norm by a factor of 3, a suitable choice of e
can ensure that in most cases r.(t) = 0 and thus ||P5%2tH = |t||. To explain this, we
focus on the two faces A and B, which meet in the edge u. The other pairs of faces
can be treated in the same way. Denote by e(u) the choice at the maximal vertex
of w and by S,, the square obtained by pushing u along e(u), shown on the right
in Figure 2. By Lemma 4.12, we have the equivalence

Ay =8,=B, < Hyp(e(v/a)) =Hyp(e(u)) = Hyp(e(v/b)).
Thus, the terms A, and B, cancel in Py, ot precisely if # (v/a) = #_(u) and
H(v/b) = H_(u).
If these cancellation conditions are satisfied for every pair of faces, we indeed
have Py, ot = p.(t) and thus ||an,2tH = |t|| (see Figure 3).
Going back to the general setting, this motivates the following definition.

Definition 4.24. Let € be a descending choice on W C X;‘EO, and let Q = Q(v;0)
be a basis cube such that v € W and v/a € W for every a € V(o). The e-defect set
of Q is

D(Q) :={a e V(o) | H.(v) # H_(v/a)}.

Thus, a ¢ D_(Q) precisely when the descending choices at the maximal vertex of @
and at the opposite vertex of the edge a have the same associated hyperplane.
For a chain t = ZQ toQ € D,, i, set

V() = {v ] Q(v;0) € supp(t)}
V=(t):={v/a]a € V(o) for Q(v;o) € supp(t)}
and V*(¢t) := V*(¢t) UV~ (t). Assume that V*(t) C W. The e-defect of t is

Def_(¢) := Z lto] 12.(Q)]-

Qesupp(t)
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e

(A) No cancellation. (B) All possible cancellations.

FIGURE 3. The two extreme cases of cancellation when pushing
the bottom boundary of a 3-cube. In both cases, the original chain
is shown in red and the pushed chain in blue.

Definition 4.25. Let t = EQ toQ € D,, i, and let € be a descending choice on
a set containing V*(¢t). A basis cube Q = Q(v;0) in supp(t) is e-good if £(v) is
compatible with ¢ and does not belong to V' (o), and it is e-bad otherwise. Define

good_(t) =Y toQ, bad.(t):=) t5Q.

Q e-good Q =s-bad

Remark 4.26. Put g = goods(t) and b = bad_(t). Their supports partition supp(t),
so t = g+ b and Def_(t) = Def.(g) + Def, (b). If Q = Q(v;0) is e-bad, there is
an a € V(o) such that £(v) is either incompatible with or equal to a. In either
case, Lemma 4.12(2) gives a € D_(Q). Hence, |D_(Q)| > 1 and in particular
Jbll < Def.(b) < Def. ¢).

Lemma 4.27. Let k> 1. For p =k —1, let a, and M,_, > 1 be the constants
obtained from Lemma 4.18. Let m > ay, let t € D,, . satisfy 0t =0, and let € be
a descending choice on a set containing V*(t). Then

|2, it < 11+ (2K + 1) M, Def.(t).

Proof. For brevity, define C':= 0" K} , + K, |, ;0" and M = M;_;.

As before, let g = good_(t) and b = bad,(t).

Let @ = Q(v; o) be a basis cube in supp(g), where o = [ay, ..., a;]. Put w; =v/aq;
and 0; = (0 \ a;)/a;. The definitions of 9~ and K, , , give

k

(43) Kﬁnfl,kfla_Q = Z<_1>ini,s(wi),k71Q<wi; Ui)'

i=1
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By Lemma 4.18 (4), we have K7, ,Q = Q(v;£(v),0). The definition of 9 then gives

k

(44) 0 K; Q= —Q/e(v)io/e(v) + Y (~1)TQ(w;e(v) /a;, 0).

i=1
Adding Equations (4.3), (4.4), and moving the first term to the left gives

C(Q) + Q(v/e(w): o /2(v))
k
=2 (0 (Quse()fas o) i1 Qi)

(4.5)

If a; ¢ D.(Q), then e(w,) = €(v)/a,; by Lemma 4.12 (2). This edge is compatible
with o;, so Lemma 4.18 (4) shows that the corresponding summand on the right-hand
side of Equation (4.5) is zero. If a; € D_(Q), the same summand has norm at most
14+ M by Lemma 4.18 (3). Define

= Y toQ(v/e(v);o/e(v)),
Qesupp(g)
Q=Q(v;o)

and r.(t) :== Pyt —p.(t), so Pyt = p.(t) +r.(t). Because 97t = 0, we have
C(t) = 0" K7, jt = —P7, b, sor (t) = =C(t) —p.(t) = =(C(b) + C(g) + p.(1)).
Summing Equation (4.5) over ¢, Q for Q € supp(g) gives

(4.6) 1C(g) +p-()] < (1 + M) Def,(g).
By the norm estimates on 0~ and K7, , ; from Lemmas 4.9 (4) and 4.18 (3), we
have |07 K¢, b < (k+ 1)M|b| and ||K¢, , ,_,07b|| < kM]b]. Therefore,

|C®) = |07 K, b+ K107

(4.7)
< (k+ 1)M|b] + kM|b] = (2k + 1)M]b].

Consequently, Equations (4.6) and (4.7) yield
(4.8)  re(@) [ =1C(9) +p(t) + C(0)| < (1 + M) Def(g) + (2k + 1) M]b].
Using Remark 4.26 and the easy inequality [p.(¢)|| < |g|, this implies that
|22, k|| < gl + (1 + M) Def. (g) + (2k + 1) M]b]
< gl + 116 + (2k + 1) M (Def,(g) + Def (b))
= |t + (2k + 1) M (Detf_(¢)). O
In view of Lemma 4.27 and the discussion at the beginning of this subsection,

the strategy is to find a uniform constant A} > 0 so that for each 0~-cycle t € D,,, ,
there is a descending choice satisfying

(4.9) Def, (1) < k1],

In order to do so, we study a suitable collectlon of such choices at once and show
that, under a random selection from this collection, there must be one choice
satisfying Equation (4.9).

Definition 4.28. Let 7 be a finite set. For a total order < on & and a non-empty
subset A C H, write p_(A) for the <-least element of A.
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Let Q(H) be the set of all total orders on K. We equip this set with the uniform
probability measure. A random order on JH is a random element of this finite
probability space.

Lemma 4.29. Let A and B be non-empty subsets of a finite set H . The uniform
probability measure on Q(FH') satisfies

(1) P(uo(A) =n) = |A[" for every n € A;
(2) P(u(A) # n(B) =|ALB|-|AUB|™

Proof. The restriction of a uniformly chosen total order to A is uniformly distributed
among the total orders on A. Every element of A is therefore equally likely to be
the least element, which proves (1). The least elements of A and B agree precisely
when the least element of AU B belongs to AN B. Therefore, applying (1) to AU B
proves (2). O

Definition 4.30 (Descending choice induced by an order). Let W C X(EOLBO be
finite and set 7 (W) :=J ;. H (u). Let < € Q(FH(W)) be an order. It induces a
descending choice €, on W defined by choosing €_(u) to be the unique element in
E(u) C Lk*(u) such that . (u) = p_ (% (u)).

Lemma 4.31. Suppose that the large overlap condition is satisfied with § > 0. Let
k>1,let m>ag+1, and let t € D,, ;.. Let < be a uniformly random element in
Q(FH(VE(t))). The induced descending choice ¢ satisfies

kd
< =
EDef,_(1)] < = [¢].

Proof. Fix a basis cube Q = Q(v;0) € supp(t) and an element a € V (o), and put
w = v/a. By Definition 4.14 and Lemma 4.29 (2),

| F (v) A H (w)]

Pla €. (Q) =P(He. (v) # Ko (W) = T3S T o)

]
< —.
m
We have ’D€<(Q)‘ = Zaewo_) 125)\(@)(“), where 1p_() denotes the indicator func-
tion of the set D, (Q). Applying linearity of E to the definition of Def, (¢) together
with |V (o)| = k therefore gives

E[Def, ( —[E[Z|tQ|ZJLD (@)] = Z|tQ|Z (a€D. (Q)

acV (o) acV (o
k5

Sﬁ%}%ﬂzﬁﬂtw 0

Lemma 4.32. Fix k > 1 and suppose that X has strong uniform density of
descending links and satisfies the large overlap condition. There exist an integer ay
and constants Ay, B, > 0 such that for every m > a;, the following holds.
(1) Lett € D, be a chain satisfying 0"t = 0. There is a descending choice €
on V*(t) such that |[P, ktH (14 A, /m)|t].
(2) Let x € D, . km” < By lz| for every descending choice € on
VE(x).
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Proof. Let a;, and M,_; > 1 be the constants obtained from Lemma 4.18 with
p =k —1. Since m > a,, the conclusions of Lemma 4.18 hold at heights m and
m—1. Put L, = 2k+1)M,_,, A, = kL0, and B, = (k+ 1)M,_;.

Ad (1). Choose < uniformly from Q(FH (V*(t))) and let e, be its induced
descending choice. By Lemmas 4.27, 4.31, and linearity of expectation,

EflPal] < el + LEDet. (0]
< (1 Rz ) pel = (14 25) pel

Since this expectation is an average over the finite set Q (K (V*(t))), there is an
order < such that € := e_ satisfies (1).

Ad (2). The norm estimates in Lemmas 4.9 (4) and 4.18 (3) imply the required
estimate. |

Remark 4.33. By Definitions 4.19 and 4.21, a descending choice from Lemma 4.32
can be extended to a descending choice on all vertices of X, .

4.4. Pushing fillings into a sublevel complex. Applying the norm bounds
from Lemma 4.32 to the pushing procedure described in Remark 4.22 yields bounds
on the norm of pushed-down chains whose norms grow polynomially in the initial
height.

Proposition 4.34. Fiz k> 1 and suppose that X has strong uniform density of
descending links and satisfies the large overlap condition. There exist an integer
ay, and constants Py, d,, > 0 with the following property. Let a, H € Z satisfy H >
a > ay, and let b € Cp(X) be a chain such that b € Cy(X.p) and supp(0b) C X_,.
Then there are chains u € Cy, 1 (X) and b, € Cy(X_,) satisfying

(1) b, = b—Ou.

5
(2) Iba]l < By - (L+ H)/(1+a))™ - [b].

Proof. Fix a height a, above which the descending links satisfy strong uniform dens-
ity and the large overlap condition. Let a;, A, and B, be supplied by Lemma 4.32.
We set 6, := A, and P, := B,. After possibly increasing these constants, we may
assume that both are at least 1.

If H=a, take u =0 and b, = b. We may therefore assume that H > a. The
height grading gives a decomposition

H
b=x_,+ Z T s o, € Cp(Xoy);, T, € Dy

m=a+1
We construct chains o™ € Cy(X) and t,, € D,, ;. for a <m < H, together with
chains u,, € D,, 1 for a <m < H, by descending induction so that
(1) b *x<a +27n r+tm'
(ii) b
(iii) 0°t,,
(iv) [ mH < Bk S i N T (1 Ay /D).

For m = H, we can take b)) = b and t;; = 0. The sums in (ii) and (iv) are then
empty, so these choices satisfy all four conditions.
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Let a < m < H and suppose that b™) and t,, have been constructed. Put
Y = T,, +t,,, which is the component of b™ at height m by (i). By (ii), the
boundary of b™ equals 0b and is therefore supported in X_,. Since b™) has no
component above height m, the component of its boundary at height m is oty,,. It
follows that 9%y, = 0.

Since m > a + 1 > ay, (iii) allows us to apply Lemma 4.32 (1) to ¢,,. Let ¢,
be the descending choice supplied there. By Remark 4.33, we can extend ¢, to
all vertices of X so that P i Ym is defined. Set w,, = K iﬁkym. The contraction
identity in Remark 4.20 gives

(410) 8+um =Yn — m k: 1a Ym = Ym-

Define b~ := p(™) — Gy, and tm = Py, = —07u,. Using d =9 +9°,
the induction hypothesis (i) for b™, and Equation (4.10), we obtain
m
b(m—l) — b(”b) _ aum — xﬁa + Z T, + tm — Y, — 8_um

r=a+1
m—1

=2y + Z T+, 1
r=a+1
Thus, (i) holds for height m — 1. The definition of b1 and (ii) at height m
give (ii) at height m — 1. Moreover, Lemma 4.9 (2) gives 9~ t,, ; = —(07)?u,, = 0,
which proves (iii) at height m — 1.
The estimates in Lemmas 4.32 (1), 4.32 (2), and (iv) at height m give

m 1 ” H IgymH < HPETth m
< (L+ Ag/m)lte, | + Byl |
H r—1
< By Z ||$r||H(1+Ak/l>+BkH$m”
r=m+1 l=m

H r—1
=By | [T+ 4u/0).
r=m l=m

Hence, (iv) holds at height m — 1.
Ultimately, (iv) at height a yields

H r—1 A
It < B Y-l l TT (1+55).

r=a+1 m=a-+1

Since d;, > 1 and 0, > A;,, Bernoulli’s inequality gives

116
T+ Am 2 <14+6m < (1+m )%= (%) -
m
Consequently,
r—1
1 78 14+ H\ 0
I ez 50" () = (1"
m=a+1 m=a+1 a+1 1+4+a

It follows that

1+Hd
Itall < Bi- (T5g )an

r=a+1
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Put u := ZZ:aH u,, and b, := b@ = z_, +t,. In particular, b, belongs to
C(X.,). Condition (ii) at height a gives b, = b — Ju, which proves (1). Since
(1+ H)/(1+ a) > 1, the preceding estimate and the definition of P}, give

180l < [|lzcall + It

1+ H\% %
<P (Trg) (el + Y la0)

r=a+1
14+ H\
< (1) Dl

This proves (2). O

The following classical result about CAT(0) cube complexes lets us deduce
polynomiality of filling functions for sufficiently high sublevel sets X_,.

Theorem 4.35 ([Wen05, ABD*12]). Let X be a CAT(0) cube complex and let
k > 2. Then its filling function satisfies FVf((v) < UET,

The precise cellular statement used here, with integral coefficients and without
a bound on the dimension of X, does not seem to have an explicit proof in the
literature. The statement does, however, appear in [LM22, Proposition 2.3], so a
proof may be known to experts in the field. The finite-dimensional case follows
immediately from the work of [Wen05] and [ABD*12]. For completeness, we include
a sketch of the proof of the above result in the infinite-dimensional case.

Proof. Let z be a cellular (k — 1)-cycle in X. The cubical convex hull K of the
vertices in supp(z) is finite, since only finitely many hyperplanes separate these
vertices. By [Wri12, Theorem 3.6], K embeds into a cube Q y := [0,1]" and there is
a retraction r,: C,(Qy,Z) — C (K, Z) up to degree k such that ||r,| < 1.

In [Dotl5, Theorem 3.2], Dotterrer proves that there exists a constant D,
independent of N, such that every (k — 1)-cycle ¢ in C)_1(Qny,Z/2Z) admits a
filling b € C,(Qn,Z/2Z) with norm at most DkHch/(k*l). Dotterrer’s argument
applies almost verbatim with Z coefficients rather than Z/27 coefficients and hence
produces an integral filling b of z with |b] < DkHsz/(k*l). Applying the chain
retraction r, to b gives the required filling in K C X. O

Theorem 4.36. Let X be a CAT(0) cube complex equipped with a discrete Morse
function h: X — R, and suppose that X has strong uniform density of descending
links and satisfies the large overlap condition. For every k > 2, there is an integer
a;, such that FV§(<a is polynomial for every a > ay.

Proof. Fix k > 2. Let ay, P, and §, be supplied by Proposition 4.34. By The-
orem 4.35, there is a polynomial V such that every cellular (k— 1)-cycle z in X has
a filling b € C},(X) satisfying ||b] < Vi.(||z]]). Since every polynomial is a-equivalent
to a superadditive polynomial, it suffices to consider cycles with connected support.

Fix a > ay, let z be a cellular (k — 1)-cycle in X_, with connected support,
and put n = |z|. Choose a filling b of z as above. Because the support of z is
connected, we may assume that the cubes in supp(b) form a connected subcomplex
of X. Since |supp(b)| < |b||, every cube in supp(b) has maximal height at most
a+ b < a+Vi(n).
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Applying Proposition 4.34 to b gives a filling b, in X_, such that

1+a+V,(n) O
b, |<P,- | ———— -Vi(n).
Il < P (S5 ()
The right-hand side is a polynomial in n, which proves the assertion. O

Remark 4.37. The height estimate of the filling b in the above proof is not optimal.
One could show, using cellular versions of the techniques in [Gut06, Lemma 6], that
the filling b has height at most a + O(n'/*~1). This would improve the norm bound
to [[b, ]| < nk+o)/ (=1,

5. APPLICATION TO HIGMAN-THOMPSON GROUPS

Fix integers d > 2 and r > 1. Recall that F, ., T, ., and V, . are the d-ary
Higman—Thompson groups with r roots. For (d,r) = (2, 1), these are Thompson’s
groups F, T, and V, respectively. We refer to [SW23, Section 3.1] for the definition,
as we do not require it here.

For A € {F,T,V}, let XQT be the Stein-Farley cube complex for A, .. The
cubical construction and the proof that this cube complex is CAT(0) are due to
Farley [Far05].

We use only the following aspects of the construction, which are recorded in
Sections 4A and 4E of [Bro87] and in Sections 2.1, 3.4, and 5.4 of [Wit19]. There
is an A, ,-invariant rank function rk(-) on the vertices of Xﬁ,r whose values are
congruent to 7 modulo d — 1. The rank extends affinely over every cube and changes
by d — 1 along each edge. Consequently, the function

_1k(v) —r
h(v) := 11
on vertices extends affinely to a discrete Morse function in the sense of Definition 4.1.
A vertex of height m has rank rk,, := 7+ (d — 1)m.

By Section 4E of [Bro87], vertices of each fixed rank form a single orbit, so
every sublevel set is cocompact. The action of F;, is free, while the stabilizers of a
vertex of rank n under T, , and V, . are Z/nZ and S,,, respectively. Thus, all cell
stabilizers are finite.

To verify strong uniform density and the large overlap condition, we need to
understand the descending links of X Qm In all cases, they are certain (ordered)
matching complexes.

Definition 5.1. Let V be a set and & C P(V) a collection of subsets of V. Its
matching complez M (&) has the elements of & as vertices, and a collection of vertices
spans a simplex precisely when their corresponding subsets of V' are pairwise disjoint.
If £ C V4 is a collection of d-tuples, its ordered matching complex M°(&) is
defined in the same way. We are interested in the following three examples.

(1) Let P, denote the path graph on n vertices, that is, the edges are given by
{i,i + 1} for 1 <i < n. Define P c P({1,...,n}) to be the collection of
intervals in P, containing precisely d vertices.

(2) Let C,, denote the cycle graph on n vertices, that is, two vertices ¢ and j
are connected by an edge if i + 1 = j mod n. Define ci¥ ¢ PH1,...,n})
to be the collection of intervals in C,, containing precisely d vertices.
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{3,4}

{3,4} {1,6}

{1,2} {4,5}
M(Cy)

{1,2} {5,6}

{4,5} {2,3} {5,6} {2,3}

FIGURE 4. The complexes M (Py) and M (Cg). The coloured ver-
tices span the highlighted simplices and correspond to the coloured
matchings in the graphs.

(3) Let B be a set. Define K@ (B) C P(B) to be the collection of all d-element
subsets of B, and K9 (B) C B? to be the collection of all (ordered) d-tuples
with pairwise distinct entries. If B = {1,...,n}, we also denote these by
Kfld) and IA(';(I@.

Remark 5.2. A subset & C P(V) is also called a hypergraph. Moreover, for

d = 2, there are natural identifications P, = Pf(l2> and C,, = C,(lm. Their matching
complexes are depicted in Figure 4.

Proposition 5.3. Let v be a vertex of rank n > d. Put B, := {1,...,n}. The
descending link of v is described as follows.

(1) For X}, one has Lk (v) = M (PLY).
(2) For Xg’,,, one has Lk*(v) = M(C’ﬁld)).
(3) For X, one has Lk*(v) = Mo(f?r(fb)-

Proof. The categorical realization in [Wit19, Sections 2.1 and 5.4] presents the
Higman—Thompson groups as fundamental groups of certain categories, where r
corresponds to the chosen base object in the corresponding category. The proof
of [Wit19, Theorem 3.12], together with [Wit19, Remark 3.17], shows that descending
links at vertices of a fixed rank can be identified independently of the choice of r. It
therefore suffices to consider the case r = 1.

For d = 2, the descriptions in (1) and (2) are precisely those in [Wit19, Lem-
mas 3.16 and 6.1]. It is not difficult to see that the same reasoning also works for
d > 2. For (3), one checks that the description of Lk*(v) in [SZ23, Example 3.2,

Definition 4.1] admits a natural identification with M O(ﬁ%d)). O

It is well known that the connectivity of these descending links tends to infinity
as n goes to infinity. This can, for instance, be proved by using the uniform density
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condition Theorem 3.3 from Belk—Forrest (see [Wit19, Lemma 3.19]). However, to
apply our criterion for polynomial Dehn functions, we also need to prove strong
uniform density and the large overlap condition for these complexes. In all three
cases, we verify the conditions of Proposition 4.16.

Proposition 5.4. The complex ler has strong uniform density of descending links
and satisfies the large overlap condition.

Proof. Define 6" := 6 and let m > ag := 2. A vertex of height m has rank
rk,, = r + (d — 1)m. By Proposition 5.3 (1), the vertices of its descending link
are the intervals of length d in a linearly ordered set of cardinality rk,,, and two
distinct vertices are compatible precisely when their intervals are disjoint. A fixed
interval meets at most d — 1 intervals beginning immediately before it and at most
d — 1 intervals ending immediately after it. Hence, the descending link is uniformly
b,,-dense and has N, vertices, where

N, =1k, —d+1=(d—-1)(m—-1)+r, b,, =2(d —1).
If m > ay, then N,, > (d —1)m/2 and |N,, — N,,_;| = d — 1. Therefore,

N, N, ~—m
This verifies the conditions of Proposition 4.16. (Il

Proposition 5.5. The complex XdTm has strong uniform density of descending links
and satisfies the large overlap condition.

Proof. The proof is the same as that of Proposition 5.4, except that now N, =
r+ (d—1)m > (d — 1)m, since we consider the larger set of intervals in a cycle
graph rather than a path graph. Since |N,, — N,,, ;| = d — 1 also holds in this case
and N,, appears only in the denominator of the relevant ratio, the larger value of

N,,, only improves the inequality. [

Proposition 5.6. The complex X}i/ﬂ_ has strong uniform density of descending links
and satisfies the large overlap condition.

Proof. Choose an integer a, > 1 such that rk,, > 2d for every m > ay. Define
§ :=2d?/(d—1). Let m > a, and put n := rk,,. By Proposition 5.3 (3), the vertices
of a descending link at height m are the ordered d-tuples of distinct elements of a
set of cardinality n, and two distinct vertices are compatible precisely when their
supports are disjoint. In particular, the descending link has

N, =d( %)
n—d

vertices. A fixed vertex of the descending link is compatible with the d!(" ;%) vertices
whose supports are disjoint from its support. It is compatible with itself as well.
Thus, the descending link is uniformly b,,-dense, where

=a((2) (")

For every 1 <1 < d, summing Pascal’s identity [ times gives

(=) =) - () =S < ),
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Taking | = d and cancelling the factor d! in the definitions of b, + 1 and N,,,, we
obtain
by +1_ ()= (") _ ) _
N, () @

m d

Assume now that m > a,. Since rk,, ; =n —d + 1, taking | = d — 1 and again
cancelling the factor d! gives

N, oS W "

Since n =71+ (d —1)m > (d — 1)m, combining Equations (5.1) and (5.2) yields
_ 2 _ 2 ’
b,, + N, — Ny <d +d(d 1):2d d<i

N, n n m

O

Corollary 5.7. Let d > 2 and r > 1, and let G be one of the groups F, ., T, ., or
Va

Proof. Fix k > 2. By Propositions 5.4 to 5.6 and Theorem 4.36, a sufficiently high
sublevel set X, is (k— 1)-acyclic and has polynomial integral filling functions in
every degree from 2 to k.

All sublevel sets are cocompact and have finite cell stabilizers. Therefore, [Youll,

Lemma 1] implies that FV ~ FV?Q,,; Hence, FVE is polynomial. Of course, this

Then FVg s polynomial for every k > 2.

)T.

also implies that every (k—1)-acyclic sublevel set has polynomial filling functions. [

6. APPLICATION TO ROVER—NEKRASHEVYCH GROUPS

Let d > 2 and let G < Aut(7,) be self-similar. Recall that V,(G) denotes
the Réver—Nekrashevych group associated with G. We refer to [SZ23] for the
definition, as we do not require it here. Let X ;(G) be its Stein—Farley cube complex
(see [SZ23, Section 4.1]). The vertices of X,;(G) carry a rank function rk(-), whose
values are congruent to 1 modulo d — 1, and we put

_1k(v) —1
h(v) = 1
A vertex of height m has rank rk,, :=1+4 (d — 1)m.

The complex X,(G) is contractible by [SZ23, Proposition 4.2]. It is shown
in [WWZZ25, Theorem 3.16] that X,(G) is CAT(0). The same argument extends
almost verbatim to the case d > 2.

To verify strong uniform density and the large overlap condition, we use the
following description of the descending links. Recall that a simplicial map 7: K — L
is a complete join if it is surjective, its restriction to every simplex is injective, and
for every simplex {x, ..., z,} of L, the preimage subcomplex is the join

7 H(wg) * e % ﬂfl(mq).

The construction in the proof of [LISW25, Proposition 3.5] associates to every vertex
v a finite set B, with |B,| = rk(v), together with a complete-join map

m,: Lk (v) — M (KD (B,)).

Note that M (K¥(B,))®) can naturally be identified with the set ,(B,) of subsets
of B, with cardinality d, so 7,(a) C B, for a € Lk*(v)©).
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These data satisfy the following compatibility condition. If a € Lk*(v)© and
w = v/a, there is an element *, € B,, and a bijection ¢,: B, \ m,(a) — B, \ {*,}.
For every A € M (K'Y (B,))” with AN, (a) = @, there is a bijection

Toa? Ty (A) — 7t (0,(A)), er—e/a.

v,a”® v
Remark 6.1. For readers familiar with forest diagrams, the preceding construction
has a simple interpretation. The set B, is the set of feet of a diagram representing
v. A vertex a € Lk'(v)(©) corresponds to a simple contraction: the d feet in 7, (a)
are identified with the leaves of a d-ary caret. After the contraction, the root of this
caret becomes the new foot *, of the diagram representing w = v/a. The bijection
o, identifies each unaffected foot of v with the corresponding foot of w.

We are now ready to prove strong uniform density and the large overlap condition
for these complexes. Note that, in general, the descending links in these complexes
are not finite, so Proposition 4.16 does not apply. We therefore check Definitions 4.13
and 4.14 directly.

Proposition 6.2. The complex X ;(G) has strong uniform density of descending
links and satisfies the large overlap condition.

Proof. Choose an integer ay > 1 such that rk,, > 2d for every m > a,. We first
show how to obtain finite subsets E(v) C Lk*(v)© satisfying strong uniform density.
Let v be a vertex of height m > a,. Because m,: Lk"(v)©) — 2,(B,) is surjective,
there is a section s,: P;(B,) — Lk'(v)?). We define E(v) := s,(P;(B,)). Thus,
E(v) contains exactly one element from each fibre of .

Now consider = € Lk*(v)(©). Let A € P,(B,) be such that 7, (z) N A = @, that is,
7,(z) and A are connected by an edge in M (K9 (B,)). Because , is a complete
join map, x is compatible with every vertex in 7, 1(A). In particular, x is compatible
with s,(A) € E(v). There are (rk’gfd) such sets A € P,(B,), so E(v) is b,,-dense in

Lk*(v), where
b, ::Nm_<rkmd—d), N, = (rlzlm)

The calculation in Equation (5.1), with the common factor d! omitted, gives

b, ()= (M) &2
me—ds ~d S < — .
N,, (") rk,,

Thus, any choice of sections s,, yields strong uniform density with the above constants.

Note that it is not clear that an arbitrary choice of sections produces sets F(v)
satisfying the large overlap condition. However, a careful coherent choice does, as
we shall now explain. To this end, we consider an auxiliary undirected graph I'

whose vertices are the pairs (v, A) with v € Xd(G)g)go and A € P;(B,). The edges
in T are of the form {(v, A), (v/a,0,(A))} for an element a € Lk*(v)(©) such that A
is disjoint from 7, (a).

For each connected component of I", choose one of its vertices (vy, Ay) and one
lift s, (Ag) € 7r;01 (Ay) of Ay. Let v be a path from (vy, 4j) to some vertex (v, A).
Using the bijections 7, , or their inverses, the lift s, (Ay) can be transported to
v. Denote the resulting lift of A in 7, 1(A) by s)(4,). It turns out that sj(A,)
does not depend on the specific path 7. To see this, first observe that if v is

only a single edge coming from an element a € Lk*(vy)(?), we have s)(4,) =
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'U ,a?

Tugsa (S, (Ag))- By definition of 7, the edges s, (Ay) and s)(4,) are opposite

edges of a square, so Hyp(s,, (AO)) Hyp(sa(Ay)). The same conclusion holds
when the edge is traversed in the opposite direction. Inductively, one obtains that
Hyp(si(A4y)) = Hyp(sZ/ (Ay)) whenever v and ~" are paths starting at (vy, Ay) with
the same endpoint. By Lemma 4.12 (1), this implies that indeed s} (A,) = 53, (Ap)-

For every vertex (v, A) of T', denote by (v, 4,) the chosen base vertex of its path
component in I' and choose a path 7, 4y from (v, 4j) to (v, ). For a vertex v of

height m > ag, let s, be the section defined by s,(A) := s, (4,) and define
E(v) = s,(M(K'D(B,)) ") = {s,"" (Ag) | A€ P4(B,)}.

By the above discussion, this set is well-defined and does not depend on the choices
of the paths v, 4).

We now verify the large overlap condition for these sets. Let v,w € X d(G)go

with w = v/a, where h(v) = m > a,. For every set A € P;(B,\ m,(a)), we have
$5u(0a(A)) =7y (5,(A) = 5,(A)/a,
so Hyp(s,,(c,(A))) = Hyp(s,(A)) by Lemma 4.12 (2). Consequently,
|7 (v) N 7 (w)| > |[{Hyp(s,(A)) | A € Py(B, \ m,(a))}]
rk,, —d\ .
()N
Since |H (v)| = N,,, and |H (w)| = N,,_; < N,,,, we obtain
| F(0) A H(w)| = Ny, + Nypy_q = 2[H () 0 F (w)]
< Nmfl - Nm + me

<2,
Since |H (v) U H (w)| > N,,, and 1k,, =1+ (d — 1)m > (d — 1)m, it follows that
|H (v) N FH(w)| _ 2b, _ 2d> 2d?
S S S/
[H(v)UH (w)] = N, ~ tk,, = (d—1)m
This verifies the large overlap condition with ¢ := 2d?/(d — 1). O

The V,;(G)-action on every sublevel set of X;(G) is cocompact by [SZ23, Proposi-
tion 4.2]. If G is finite, its cell stabilizers are finite, again by [SZ23, Proposition 4.2].
Consequently, the same argument as for Corollary 5.7 applies. Together with Pro-
position 6.2 and Theorem 4.36, this gives the following result.

Corollary 6.3. Let d > 2 and let G < Aut(T,;) be finite and self-similar. Then
FV{Z(G) is polynomial for every k > 2.
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